The two-temperature model of local thermal non-equilibrium (LTNE) is employed to investigate the onset of secondary convective flow in a fluid-saturated porous layer inclined to the horizontal and heated from below. The layer is assumed to be bounded by impermeable plane parallel walls with uniform and unequal temperatures. The linear instability of the stationary pure-conduction single-cell basic flow is studied by employing a normal mode decomposition of the disturbances.
Introduction
The study of the onset of thermal instability in a saturated porous layer heated from below is a classical problem in convection heat transfer. This topic deserved a wide space in the literature of the last decades, and it has been reported in many books and review papers such as Nield and Bejan [1] , Rees [2] , Tyvand [3] and Barletta [4] .
A special focus has been made by several authors on the case where a plane porous layer is inclined to the horizontal and bounded by impermeable isothermal walls. A temperature difference between the walls may lead to an unstable stratification that, however, has a nature different from that of a horizontal layer, viz. the usual DarcyBénard setup [2] . In fact, the inclination to the horizontal results in a basic stationary state where the fluid is not at rest, but circulates along a single cell of infinite width.
Strictly speaking, the basic velocity field is parallel, bidirectional, and with a vanishing mass flow rate.
Among the first investigators of the inclined layer instability, we mention Bories and
Combarnous [5] , Weber [6] , Caltagirone and Bories [7] . The main effect of the inclination is that the onset of the thermal instability is with a critical Darcy-Rayleigh number given by 4π 2 / cos ϕ, where ϕ is the inclination angle of the layer to the horizontal. In other words, for the onset of the linear instability, a simple scaling law with respect to the Darcy-Bénard problem for a horizontal layer was proved [1] . Further results on the stability of an inclined porous layer were obtained by Storesletten and Tveitereid [8] ,
Karimi-Fard et al. [9] , Rees and Bassom [10] , Rees et al. [11] . Karimi-Fard et al. [9] carried out an investigation of oscillatory instability for the case of double-diffusion.
Rees and Bassom [10] defined a Squire-like transformation allowing a general study of normal modes with an arbitrary orientation. Storesletten and Tveitereid [8] included in the stability analysis the effect of anisotropy in the porous medium, while Rees et al.
[11] extended this analysis by considering an arbitrary orientation of the principal axes of anisotropy.
A recent note by Nield [12] contains new insights into the question of the preferred patterns at the onset of the instability: rolls or polyhedral cells. Nield et al. [13] investigated the influence of the viscous dissipation effect on the onset of instability in an inclined layer. Uniform heat flux boundary conditions, as possible models of the heating from below, were considered in the stability analyses of the inclined porous layer carried out by Barletta and Storesletten [14] and by Rees and Barletta [15] .
The aim of this paper is to revisit the topic of instability in an inclined porous layer, by relaxing the assumption that the solid phase and the fluid phase are in local thermal equilibrium (LTE). Thus, a two-temperature model will be adopted to describe, through a finite inter-phase heat transfer coefficient, the condition of local thermal nonequilibrium (LTNE) [1, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . The study described in this paper is to be considered as a generalization of the LTNE stability analysis, relative to the Darcy-Bénard problem and hence to a horizontal layer, presented in the paper by Banu and Rees [21] .
Mathematical model
Let us consider an inclined porous layer saturated by a fluid. We denote as ϕ
the inclination angle to the horizontal. The boundary planes, y ⋆ = 0, L, are assumed to be impermeable and isothermal with different temperatures: T 0 +∆T is the temperature of the lower boundary, while T 0 is the temperature of the upper boundary, with ∆T > 0.
A sketch of the layer is given in Fig. 1 .
We assume that the saturated porous medium is isotropic and homogeneous, that the effect of viscous dissipation can be neglected, and that the local thermal non-equilibrium (LTNE) can be described by a two-temperature model [1] . Thus, according to the Oberbeck-Boussinesq approximation, we can write the local mass, momentum and energy balance equations in a dimensionless form as
The dimensionless quantities employed in Eqs.
(1) are defined as
Here, the stars denote the dimensional time, coordinates and fields, while the subscripts "s" and "f" denote the solid phase and the fluid phase, respectively. The inter-phase heat transfer coefficient h serves to model the heat exchange between the fluid and the solid phase. We point out that h describes a local volumetric heat transfer and, as a consequence, it is expressed in W/(m 3 K) instead of W/(m 2 K) as it usually happens when modelling surface heat transfer.
The four dimensionless parameters, appearing in the governing equations (1) and defined by Eq. (2), are the Darcy-Rayleigh number, R, the conductivity ratio, γ, the diffusivity ratio, λ, and the inter-phase heat transfer parameter, H. We note that the definition of Darcy-Rayleigh number given in Eq. (2) is consistent with that declared under local thermal equilibrium (LTE) conditions. The same definition has been recently employed also by Barletta and Rees [31] . An alternative definition has been proposed, for instance, in Banu and Rees [21] . These authors defined a Darcy-Rayleigh number that coincides with R multiplied by (1 + γ)/γ. Equation (1b) expresses the local momentum balance including, on the right hand side, the buoyancy force contribution. This equation is obtained by taking the curl of Darcy's law, so that the pressure force term does not appear explicitly.
The boundary conditions on the velocity field and the temperature field are expressed in dimensionless form as
3 The single-cell basic flow
A stationary solution of Eqs. (1) can be found such that the velocity field is a parallel vector field directed along the x-axis, and the temperature field depends only on y,
where the subscript "b" stands for "basic solution". Equation ( 
Small-amplitude disturbances
The perturbation of the basic velocity and temperature fields Eq. (4) can be expressed
where ε is an amplitude parameter. Thus, Eqs. (1) yield the linearised set of equations
where the terms O(ε 2 ) have been neglected. The boundary conditions for the disturbances, (U, Θ), are
A pressure representation of the velocity disturbance U,
allows one to satisfy identically Eq. (6b), and to express the other governing equations (6) and boundary conditions (7) as
We now study the normal modes of Eqs. (9) expressed as
where a xêx + a zêz is the wave vector, a = √ a 2 x + a 2 z is the wave number, and ω is a complex parameter. The real part of ω, Re(ω), is the angular frequency of the wave.
The imaginary part, Im(ω), is the exponential growth parameter. If Im(ω) < 0, the normal mode describes a stability condition. On the other hand, if Im(ω) > 0, the normal mode yields instability. The breakup of the single-cell flow regime occurs at the marginal stability threshold, namely when Im(ω) = 0. In the following, we will focus on the marginal stability condition, so that we will tacitly assume Im(ω) = 0.
General modes with 0 ≤ a x ≤ a and 0 ≤ a z ≤ a are termed oblique rolls. The modes with a x = a and a z = 0 are called transverse rolls, while the modes with a x = 0 and a z = a are the longitudinal rolls.
Substitution of Eq. (10) into Eqs. (9) yields
where primes denote the derivatives with respect to y. By employing the same transformation defined by Rees and Bassom [10] , the eigenvalue problem Eqs. (11) for arbitrary oblique rolls can be mapped onto an equivalent eigenvalue problem for twodimensional normal modes with a x = a and a z = 0, viz. transverse rolls. More precisely,
we can map the pair of parameters
Equation (12) implies that Eqs. (11) can be rewritten as
This system of homogeneous differential equations with homogeneous boundary conditions can be solved as an eigenvalue problem to obtain, for prescribed input data (H, γ, λ, Φ), the marginal stability function S(a) and the dispersion relation ω(a). The minimum of function S(a) defines the critical values a c and S c .
Longitudinal rolls
If we set a x = 0, Eq. (12) can be solved with
Thus, Eqs. (13) for the longitudinal rolls yield
Since in Eqs. (15) there is no explicit dependence on the inclination angle, the eigenvalue problem for the longitudinal rolls is formally the same as that for the Darcy-Bénard problem in a horizontal layer with LTNE conditions. This problem was solved by Banu and Rees [21] . These authors stated that the eigenvalue problem expressed by Eqs. (15) satisfies the exchange of stabilities, so that ω = 0. A formal proof is given here in Appendix A. Thus, Eqs. (15) can be simplified to
In agreement with Banu and Rees [21] , we find that Eqs. (16) can be solved analytically.
For the lowest marginal stability mode, we determine the solution by assuming that p is proportional to cos(πy), while θ s and θ f are proportional to sin(πy). Hence, Eqs. (16) yield the marginal stability condition
We note that, on account of Eq. (14), the marginal stability condition expressed in terms of the Darcy-Rayleigh number R exploits a dependence on the inclination angle ϕ through a factor 1/ cosϕ. This conclusion is exactly the same as that drawn for the case of LTE and described, for instance, in Nield and Bejan [1] . As a consequence, an increasing inclination to the horizontal implies a stabilizing effect on the basic flow, viz.
a monotonic increment of the lowest eigenvalue R corresponding to assigned values of (a, H, γ), evaluated through Eqs. (14) and (17) . 
If H → ∞, with γ ∼ O(1), Eq. (17) yields
An important point is that the same limiting expression of S(a) expressed by Eq. (19) is also obtained when γ → ∞, with H ∼ O(1). In fact, the LTE condition can be also reached with a finite inter-phase heat transfer coefficient provided that γ ≫ 1, viz.
We mention that the neutral stability conditions, Eqs. (18) and (19) , for the two opposite regimes H → 0 and H → ∞ just differ by an overall scaling factor, γ/(1 + γ).
In the limiting cases defined above, the critical conditions for the onset of the instability to longitudinal rolls are given by, respectively,
6 Oblique rolls Several limiting cases can be explored where the general eigenvalue problem, Eqs. (13), is significantly simplified.
Limit
In this case of complete thermal decoupling between the phases, Eq. (13b) becomes independent of the others. Its unique solution for a general a satisfying the boundary conditions, Eq. (13d), is θ s = 0. Then, we may reduce Eqs. (13) to a system of two differential equations,
where the parameterS is defined as
Equations (21) are independent of λ, and depend on γ only implicitly through the parameterS.
Limit γ → 0, with H ∼ O(1)
This case corresponds to a condition where χk f ≪ (1−χ)k s . We may infer that Eq. (13b) becomes independent of the others, and that its unique solution for a general a satisfying the boundary conditions, Eq. (13d), is θ s = 0. If we assume that the parameterS defined by Eq. (22) is O(1), then Eqs. (13) yield, in the limit γ → 0,
Equations ( Proving thatS(a) ∼ O(1), in the limit γ → 0, by solving the eigenvalue problem
Eqs. (23) implies that S(a) is in fact identically zero for every input data (H, Φ). On inspecting Eq. (17)
, it is evident that this is the case for longitudinal rolls (Φ = 0), since one has
The minimum ofS(a) defines the critical values for longitudinal rolls that, on account of Eq. (24) , are given by
Local thermal equilibrium (LTE)
The LTE condition can be attained by two possible limiting cases, limit H → ∞, with γ ∼ O(1);
We first define
so that, by combining Eqs. (13b) and (13c), Eqs. (13) can be rewritten as
In both the limiting cases given by Eq. (26) 
We realize immediately that the form of the eigenvalue problem Eqs. (29) coincides with that of the eigenvalue problem Eqs. (21) . The two eigenvalue problems can be made identical if, in Eqs. (21), we replace ω withω,S with S, and θ f with θ. This mathematical feature establishes an interesting bridge between two opposite regimes:
the limit H → 0 where the two phases are thermally uncoupled, and the limit of LTE.
We mention that the linear stability analysis in the case of LTE was carried out by Rees and Bassom [10] with a streamfunction-temperature formulation instead of a pressure-temperature formulation as in Eqs. (29) .
Discussion of the results
The analysis of the behaviour of oblique and transverse rolls, as compared to the longit- 
What we obtain is that Λ c (oblique rolls) move continuously upward, thus describing less unstable modes. We also see that, with a fixed γ, the curves corresponding to a higher H yield higher values of S. In other words, an increasing inter-phase heat transfer results in a stabilisation of the basic single-cell flow. We mention that this feature was recognized by Banu and
Rees [21] , with reference to a horizontal porous layer. Figure 9 illustrates the behaviour already observed in Fig. 5 : when γ is large, the influence of the parameter H is definitely a minor one, since a condition close to LTE is approached.
As anticipated in Section 6.2, Fig. 6 suggests thatS(a) ∼ O(1), in the limit γ → 0, and this implies that S(a) is identically zero in this limit.
A neat example
The Squire-like transformation, Eq. (12), is extremely useful in order to map arbitrary oblique rolls, with wave vector a xêx + a zêz , onto transverse rolls, with a z = 0. This transformation allows us to trace the change of a x from 0 to a = √ a 2 x + a 2 z by increasing the angle Φ from 0 • , meaning a x = 0 (longitudinal rolls), to ϕ, meaning a x = a (transverse rolls). However, the use of this transformation, as well as the use of S andS instead of R, makes the physical interpretation of the results a bit cumbersome. Thus, a neat example where the neutral stability curves in the parametric plane (a,S), with increasing Φ, are illustrated in the anti-transformed parametric plane (a, R), with increasing a x /a, may be useful. To this end, we refer to the case γ = 1, H = 1 (upper frame of Fig. 8 ). 
Conclusions
The stability of the basic stationary single-cell flow in an inclined porous layer saturated by a fluid has been studied in a regime of local thermal non-equilibrium (LTNE). The LTNE regime has been modelled by a two-temperature scheme employing a finite interphase heat transfer coefficient. The characteristic dimensionless parameter of LTNE is H, with H → 0 meaning a complete thermal decoupling between the phases, and H → ∞ leading to a condition of local thermal equilibrium (LTE). Another important dimensionless parameter is the thermal conductivity ratio γ, where γ → 0 models a medium with a solid phase much more conductive than the fluid phase, and γ → ∞ leads to a LTE condition even if H is finite. We mention that the limit γ → 0 may have a special interest when studying the behaviour of porous media such as the metallic [10] ) is not exceeded in the LTNE regime. Higher branches of travelling oblique modes may exist, but they have been disregarded in this analysis as they have no relevance to the onset of the instability.
The above described stability analysis was carried out by modelling the heating from below through a pair of isothermal and impermeable boundary planes. An opportunity for future developments of this research is the study of different models for the temperature boundary conditions. This task is specially challenging if uniform heat flux at a boundary is assumed. This type of boundary conditions require a non-trivial modelling in the LTNE regime as it was pointed out, for instance, by Amiri et al. [17] , Alazmi and Vafai [20] , Yang and Vafai [28] , Barletta and Rees [31] .
Appendix A -Exchange of stabilities
It can be proved by an integral method [32, 33] that the exchange of stabilities holds for Eqs. (15) , namely that only non-travelling (ω = 0) longitudinal modes are allowed.
In the following, we denote by an overline the complex conjugate of a function. On multiplying Eq. (15b) byθ s , integrating with respect to y in the interval 0 ≤ y ≤ 1, using the integration by parts wherever needed, and simplifying according to the boundary conditions, Eq. (15d), we obtain
Then, we multiply Eq. (15c) byθ f , integrate with respect to y in the interval 0 ≤ y ≤ 1, and simplify according to the integration by parts with the boundary conditions,
From Eqs. (15a) and (15d), one obtains the integral equation
so that Eq. (A2) can be rewritten as
We now multiply Eq. (A4) by γ and sum Eqs. (A1) and (A4), so that we obtain
Equation (A5) is satisfied if both the real part and the imaginary part of the left hand side are zero. In particular, if we set the imaginary part to zero, we obtain 
